Abstract. We determine the mod 2 cohomology of the holomorph of any finite cyclic group whose order is a power of 2.
The holomorph of a group is the semi-direct product of the group with its automorphism group, with respect to the obvious action. The automorphism group of a non-trivial finite cyclic group of order r is well known to be cyclic if and only if the number r is of the kind r = 4, r = p ρ , r = 2p ρ where p is an odd prime; in these cases, the holomorph is thus a split metacyclic group. The mod p cohomology algebra of an arbitrary metacyclic group has been determined in [1] . In this note we will determine the mod 2 cohomology of the holomorph of a cyclic group whose order is a power of 2. Since for odd p the p-primary part of the automorphism group of any cyclic group is cyclic, we thus get a complete description of the mod p cohomology of the holomorph of any (finite) cyclic group. I am indebted to Fred Cohen for having asked whether the cohomology of the holomorph of a cyclic group whose order is a power of 2, this holomorph not being metacyclic when the order of the cyclic group is at least 8, may be determined by means of the methods I developed in the 80's.
Let ρ ≥ 2 and let N be the cyclic group of order r = 2 ρ . As usual, we will identify the automorphism group of N with the group (Z 2 ρ ) * of units of Z 2 ρ , viewed as a commutative ring. Consider the holomorph
of N . For ρ = 2, this group comes down to the dihedral group, the group (Z 4) * being cyclic of order 2, generated by the class of −1. Henceforth we suppose that ρ ≥ 3. Now the group (Z 2 ρ ) * decomposes as a direct product of a copy of Z 2, generated by the class of −1, and a copy of Z 2 ρ−2 , generated by the class of 5. Write s = 2 ρ−2 . The cyclic groups being written multiplicatively, the semi-direct product (1) has thus the presentation (2) x, y, z; y r = 1,
the normal cyclic subgroup N being generated by y. Denote by K x and K z the cyclic subgroups of order s and 2 generated by x and z, respectively, and write the corresponding split extension as
The mod 2 cohomology algebra H * (N, Z/2) is well known to be generated by a class ω y ∈ H 1 (N, Z/2) and a class c y ∈ H 2 (N, Z/2), subject to the relation ω 2 y = r 2 c y . Likewise, the mod 2 cohomology algebra H * (K z , Z/2) is freely generated by a class ω z ∈ H 1 (K x , Z/2), and the mod 2 cohomology algebra H * (K x , Z/2) is generated by certain classes ω x ∈ H 1 (K x , Z/2) and c x ∈ H 2 (K x , Z/2), subject to the relation ω 2 x = s 2 c x . Under the projections from G to K x and K z , via inflation, these classes yield classes in H * (G, Z/2) which, with an abuse of notation, we still write as
and the relation ω c x persists. We denote the mod 2 cohomology spectral sequence of the extension (3) by (E s,t r (e), d r ). Whenever we use the term 'filtration' below this term will refer to the filtration which induces the spectral sequence of the group extension under discussion.
Theorem 5. The mod 2 cohomology spectral sequence of the group extension (3) has E 1 (e) = E 2 (e) and collapses from E 3 (e). Moreover, the mod 2 cohomology of the group G has classes
of filtration zero which restrict to the classes
such that the mod 2 cohomology algebra of G is generated by
subject to relations of the kind
where the coefficients a, b, c, d, e, f, g ∈ Z/2 are possibly zero.
We now begin with the preparations for the proof. In Section 3 of [1] , by means of homological perturbation theory, we constructed a free resolution for an arbitrary metacyclic group from a presentation thereof; see [1] and [2] for comments about homological perturbation theory and for more references. The construction may be extended to that of a free resolution for the group G from the split extension (3), and an explicit description of the cohomology as well as of the spectral sequence may be derived from it. We now give an alternate somewhat simpler approach to the spectral sequence. The idea is to detect the behaviour of the differentials in the spectral sequence by inflation to spectral sequences of related group extensions.
Since, in each degree, the cohomology H * (N, Z/2) is a single copy of Z/2, the induced action of K x × K z on H * (N, Z/2) is trivial whence the differential d 1 is zero. Thus E 1 (e) = E 2 (e) and E s,t
whence, as a commutative algebra (in characteristic 2, there is no difference between graded commutative and commutative), E * , *
2 (e) is generated by the classes
and c x , ω x , ω z are necesssarily infinite cycles. We now assert that ω y is an infinite cycle as well whereas c y is not. Indeed, the abelianized group G ab is a direct product of K x × K z with a copy of Z/2, generated by the image of y. Hence the 1-cocycle ω y : N → Z/2 extends to a 1-cocycle ω 1 : G → Z/2 whence ω y is an infinite cycle. As for c y , for degree reasons, for suitable coefficients a, b, c in Z/2,
To determine the coefficients a, b, c we proceed as follows. Let A be the free abelian group generated by x and z; it maps onto K x × K z in an obvious fashion. Consider the corresponding split extension
of N by A, and write its mod 2 cohomology spectral sequence as (E Here and below the notation ω x , ω z , ω y , c y etc. is abused somewhat. Moreover, the multiplicative generators, in particular the class c y , are infinite cycles whence the spectral sequence (E s,t r (e 1 ), d r ) collapses. That the class c y is an infinite cycle follows at once from the observation that the group extension of Z/2 by N whose class is c y is the restriction of a central extension of Z/2 by N ⋊ A. The obvious projection map yields a morphism of extensions from e 1 to e, and the naturality of the constructions implies that, in the identity (6), the coefficient b vanishes.
It remains to determine the other two coefficients in (6). To determine the coefficient a we observe that the subgroup G 1 of G generated by x and y is metacyclic with presentation
and fits into the split extension
The number 5
2 is odd, and we are in the situation of Theorem C of [1] (with the notation of that Theorem: for the case t = 5 and p = 2). In particular, the mod 2 cohomology spectral sequence (E s,t r (e 2 ), d r ) for the extension (9) has d 1 equal to zero and, as a commutative algebra, E 2 (e 2 ) is generated by the classes ω x , c x , ω y , c y , subject to the relations ω
In view of Lemma 4.2.1 of [1] , in this spectral sequence, for j ≥ 1,
y ω y ) = 0 and, as explained on pp. 84 ff of [1] , the spectral sequence collapses from E 3 (e 2 ). Similarly as before, the obvious projection map yields a morphism of extensions from e 2 to e, and the naturality of the constructions implies that, in view of the naturality of the constructions, the coefficient a in (6) equals 1. For later reference we recall the following simplified version of Theorem C of [1] at this stage where we keep the numbering of formulas in [1] .
Proposition C. The cohomology spectral sequence of the group extension (9) collapses from E 3 (e 2 ), and H * (G 1 , Z/2) has classes Remark. The group G may as well be written as a split extension G = G 1 ⋊ K z and, with reference to the induced filtration of the mod 2 cohomology algebra, the associated graded algebra is just the tensor product of H * (G 1 , Z/2) and H * (K z , Z/2). The relations (5.1), (5.4) and (5.5) show that the multiplicative extension problem is non-trivial, though. For intelligibility we note that, in particular, the generators spelled out in the above Proposition correspond to those in Theorem 5 denoted by the same symbol.
To determine the coefficient c in (6) we proceed in a similar fashion: The subgroup G 2 of (1) generated by z and y is metacyclic of the form (10)
and thus fits into the split extension
the mod 2 cohomology spectral sequence of which we write as (E s,t r (e 3 ), d r ). We recall the following simplified version of Theorem B of [1] which applies to the split extension (11) where again we keep the numbering of formulas in [1] .
Proposition B. The cohomology spectral sequence of the group extension (11) collapses and, as a graded (H
Furthermore, H * (G 2 , Z/2) has classes
of filtration zero which restrict to the classes ω y ∈ H * (N, Z/2) and c y ∈ H * (N, Z/2), respectively, so that the following hold: As a graded commutative algebra,
subject to the following relations:
Again, the obvious projection map yields a morphism of extensions from e 3 to e and, in view of the naturality of the constructions, the proposition implies at once that the coefficient c in (6) is zero. Consequently, in the spectral sequence (E with a ∈ Z/2. This coefficient may be determined in the following fashion: The group Z × K z acts on N through the obvious projection from Z × K z to K x × K z , and the corresponding semi-direct product N ⋊ (Z × K z ) ∼ = G 1 ⋊ Z fits into the split extension
Moreover, the obvious projection map yields a morphism of extensions from e 4 to e, and the coefficient a may be determined by inflation with respect to this projection map. However, the mod 2 cohomology spectral sequence (E s,t r (e 4 ), d r ) of the extension e 4 necessarily collapses. Indeed, E 1 (e 4 ) = E 2 (e 4 ), as a commutative algebra, E 2 (e 4 ) is generated by ω x , c y , ω y , ω z subject to the relation ω The multiplicative properties of the spectral sequence (E s,t r (e), d r ) imply that this spectral sequence collapses from E 3 (e).
To establish the relations (5.1), (5.2), (5.4), (5.5) we notice that each of If ε is non-zero, replacing ω 1 by ω 1 + ω z and writing ω 1 for the new generator, we obtain a relation of the kind ω 2 1 = αω z ω 1 + βω z ω x + γc x + δω 1 ω x .
Restricting this relation to the subgroup G 1 , in view of (0.12) in Proposition C, we find γ = 0 = δ; likewise, restricting this relation to the subgroup G 2 , in view of (0.6) in Proposition B, we find α = 1. The relations (5.1), (5.2), and (5.5) are established in a similar fashion. This proves the Theorem.
We already pointed out that the homological perturbation theory construction of a free resolution for any metacyclic group given in Section 3 of [1] may be extended to that of a free resolution for the group G from the split extension (3). An explicit diagonal map may then be constructed for this resolution, and the remaining ambiguities related with the multiplicative structure may then be resolved, that is, the coefficients a, b, c, d, e, f, g in Theorem 5 may be determined. We spare the reader and ourselves these added troubles.
